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Abstract
In this paper, we study real hypersurfaces in complex Grassmannians of rank two.
First, the nonexistence of mixed foliate real hypersurfaces is proven. With this result,
we show that for Hopf hypersurfaces in complex Grassmannians of rank two, the Reeb
principal curvature is constant along integral curves of the Reeb vector field. As a
result the classification of contact real hypersurfaces is obtained. We also introduce
the notion of q-umbilical real hypersurfaces in complex Grassmannians of rank two and
obtain a classification of such real hypersurfaces.
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1 Introduction
The complex Grassmannians of rank two (both the compact type: SUm+2/S(U2Um)
and the noncompact type: SU2,m/S(U2Um)) of complex dimension 2m are Rieman-
nian symmetric spaces equipped with a Ka¨hler structure J and a quaternionic Ka¨hler
structure J. Another interesting characteristic is the presence of the real structure JJa,
a ∈ {1, 2, 3}, on its tangent spaces, arisen from the interaction between J and J, where
{J1, J2, J3} is a canonical local basis for J.
These three geometric structures significantly impose restrictions on the geometry
of a real hypersurface M in complex Grassmannians of rank two. As an immediate
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consequence of the Codazzi equation of such submanifolds, the totally umbilicity are
too strong to be satisfied by real hypersurfaces in complex Grassmannians of rank two.
Apart from the submanifold structure, three additional structures are then induced
onM by these geometric structures of the ambient spaces: an almost contact structure
(φ, ξ, η) on M from the Ka¨hler structure J ; an almost contact 3-structure (φa, ξa, ηa),
a ∈ {1, 2, 3} from the quaternionic Ka¨hler structure J; and local endomorphisms θa :=
φaφ− ξa ⊗ η on TM , a ∈ {1, 2, 3}, from the interaction bewteen J and J.
The formulations of the induced almost contact structure and almost contact 3-
structure of real hypersurfaces M were well established and have been widely used in
studying the geometry of real hypersurfaces in the literature. In contrast, less is known
about the characteristics of the local endomorphism θa. In this paper, we establish a
complete algebraic formulation for θa. With this notion, we introduce a concept, which
is so-called q-umbilicity. To some extent, q-umbilical real hypersurfaces are those in
complex Grassmannians of rank two with the richest geometric characteristics due to
the nonexistence of totally umbilical real hypersurfaces.
A real hypersurface M in complex Grassmannians of rank two is said to be q-
umbilical if the shape operator A of M satisfies
A = f1I+ f2θ + f3
3∑
a=1
ξa ⊗ ηa
where f1, f2, f3 are functions on M and θ :=
∑3
a=1 ηa(ξ)θa.
The concept of q-umbilicity was formulated in such a way after having taken into
account the restrictions onM imposed by the three geometric structures of the ambient
spaces. The absence of an almost contact structure on M under this condition is
justified in the last section.
This paper is organized as follows: After a quick revision on the geometric structures
on complex Grassmannians of rank two in Sect. 2 and some well-known structural
equations on its real hypersurface M in the first half of Sect. 3, we establish some
fundamental equations regarding the local endomorphism θa in the second half of Sect.
3. We also introduce an endomorphism θ on TM and obtain some of its properties
in Sect. 3. In Sect. 4, we focus on Hopf hypersurfaces in complex Grassmannians
of rank two. Some characteristics of the principal curvatures and the corresponding
principal curvature spaces for Hopf hypersurfaces are studied. The nonexistence of
mixed foliate real hypersurfaces in complex Grassmannians of rank two is obtained
in Sect. 5. As an application of this result, we show that for Hopf hypersurfaces in
complex Grassmannians of rank two, the Reeb principal curvature is constant along
integral curves of the Reeb vector field. As a result, we can complete the classification
of contact real hypersurfaces in SU2,m/S(U2Um) initiated in [2]. In the last section,
we classify q-umbilical real hypersurfaces in complex Grassmannians of rank two.
2 The complex Grassmannians of rank two
We recall some geometric structures on complex Grassmannian of rank two in this
section (see [1]–[4] for details).
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The complex Grassmannian SUm+2/S(U2Um) of all complex two-dimensional linear
subspaces in Cm+2 is a connected, simply connected irreducible Riemannian symmetric
space of compact type and with rank two. Let G = SUm+2 and K = S(U2Um). Denote
by g and k the corresponding Lie algebra. Let m = k⊥ with respect to the Killing
form B of g. Then m is Ad(K)-invariant and we obtain a reductive decomposition
g = k⊕m. The negative of B defines a positive definite inner product on m. Denote by
g the corresponding G-invariant Riemannian metric on SUm+2/S(U2Um), we rescale g
such that the maximal sectional curvature of SUm+2/S(U2Um) is 8c, where c > 0 is a
constant.
The Lie algebra k decomposes orthogonally into k = su2 ⊕ sum ⊕ ℜ, where ℜ is
the center of k. Viewing k as the holonomy algebra SUm+2/S(U2Um), the center ℜ
induces a Ka¨hler structure J , and su2 induces a quaternionic Ka¨hler structure J on
SUm+2/S(U2Um).
The complex Grassmannian SU2,m/S(U2Um) of all positive definite complex two-
dimensional linear subspaces in Cm+22 is a connected, simply connected irreducible
Riemannian symmetric space of noncompact type and with rank two. Let G = SU2,m
and K = S(U2Um). Denote by g and k the corresponding Lie algebra. Consider the
Cartan involution σ on g given by σ(A) = SAS−1, where S =
[−I2 0
0 Im
]
. Then
Bσ(X,Y ) := −B(X,σY ) is a positive definite Ad(K)-invariant inner product on g,
where B is the Killing form of G. Let (k,m) be a Cartan pair of g associated to the
Cartan involution σ. Then the restriction of Bσ to m induces a Riemannian metric g
on SU2,m/S(U2Um), which is unique up to a scaling. We take a scaling factor c < 0
such that the minimal sectional curvature of SU2,m/S(U2Um) is 8c.
The Lie algebra k can be decomposed orthogonally as k = su2 ⊕ sum ⊕ u1, where
u1 is the center of k. The adjoint action of su2 on m induces a quaternionic Ka¨hler
structure J, and the adjoint action of
Z =
(
mi
m+2I2 0
0 −2i
m+2Im
)
∈ u1
induces a Ka¨hler structure J on SU2,m/S(U2Um) respectively.
In this paper, we use a unified notation. Denote by Mˆm(c) the compact complex
Grassmannian SUm+2/S(U2Um) of rank two (resp. noncompact complex Grassman-
nian SU2,m/S(U2Um) of rank two) for c > 0 (resp. c < 0), where c is a scaling factor
for the Riemannian metric g.
For each x ∈ Mˆm(c), let {J1, J2, J3} be a canonical local basis of J on a neigh-
borhood U of x ∈ Mˆ(c), that is, each Ja is a local almost Hermitian structure such
that
JaJa+1 = Ja+2 = −Ja+1Ja, a ∈ {1, 2, 3}. (2.1)
Here, the index a is taken modulo three. Denote by ∇ˆ the Levi-Civita connection of
Mˆm(c). There exists local 1-forms q1, q2 and q3 such that
∇ˆXJa = qa+2(X)Ja+1 − qa+1(X)Ja+2
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for any X ∈ TxMˆm(c), that is, J is parallel with respect to ∇ˆ. The Ka¨hler structure J
and quarternionic Ka¨hler structure J are related by
JJa = JaJ ; Trace (JJa) = 0, a ∈ {1, 2, 3}. (2.2)
The Riemannian curvature tensor Rˆ of Mˆ(c) is locally given by
Rˆ(X,Y )Z =c{g(Y,Z)X − g(X,Z)Y + g(JY,Z)JX
− g(JX,Z)JY − 2g(JX, Y )JZ}
+ c
3∑
a=1
{g(JaY,Z)JaX − g(JaX,Z)JaY − 2g(JaX,Y )JaZ
+ g(JJaY,Z)JJaX − g(JJaX,Z)JJaY }. (2.3)
for all X, Y and Z ∈ TxMˆm(c).
For a nonzero vector X ∈ TxMˆm(c), we denote by JX = {J ′X|J ′ ∈ Jx}. Recall that
a maximal flat in a Mˆm(c) is a connected complete, totally geodesic flat submanifold
of maximal dimension. Let X ∈ TMˆm(c) be a non-zero vector. Then X is said to be
singular if it is contained in more than one maximal flat in Mˆm(c). It is well-known
that X is singular if and only if either JX ∈ JX or JX ⊥ JX.
3 Real hypersurfaces in Mˆm(c)
In this section, we prepare and derive some fundamental identities for real hyper-
surfaces in Mˆm(c). Some of these identities have been proven in [2, 3, 4, 10, 11]. Some
well-known results are also stated.
LetM be a connected, oriented real hypersurface isometrically immersed in Mˆm(c),
m ≥ 3, and N a unit normal vector field on M . Denote by the same g the Riemannian
metric on M . A canonical local basis {J1, J2, J3} of J on Mˆm(c) induces an almost
contact metric 3-structure (φa, ξa, ηa, g) on M by
JaX = φaX + ηa(X)N, JaN = −ξa, ηa(X) = g(X, ξa),
for any X ∈ TM . It follows that
φaφa+1 − ξa ⊗ ηa+1 = φa+2 = −φa+1φa + ξa+1 ⊗ ηa
φaξa+1 = ξa+2 = −φa+1ξa
}
(3.1)
for a ∈ {1, 2, 3}. The indices in the preceding equations are taken modulo three.
Let (φ, ξ, η, g) be the almost contact metric structure on M induced by J , that is,
JX = φX + η(X)N, JN = −ξ, η(X) = g(X, ξ).
The two structures (φ, ξ, η, g) and (φa, ξa, ηa, g) are related as follows
φaφ− ξa ⊗ η = φφa − ξ ⊗ ηa; φξa = φaξ. (3.2)
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Next, we denote by ∇ the Levi-Civita connection and A the shape operator on M .
Then
(∇Xφ)Y = η(Y )AX − g(AX,Y )ξ, ∇Xξ = φAX
(∇Xφa)Y = ηa(Y )AX − g(AX,Y )ξa + qa+2(X)φa+1Y − qa+1(X)φa+2Y
∇Xξa = φaAX + qa+2(X)ξa+1 − qa+1(X)ξa+2
Xη(ξa) = 2ηa(φAX) + ηa+1(ξ)qa+2(X) − ηa+2(ξ)qa+1(X).


(3.3)
Let D⊥ = JN , and D its orthogonal complement in TM . If ξ ∈ D, then η(ξa) = 0
for a ∈ {1, 2, 3} and so by the preceding equation, we obtain
Lemma 3.1. If ξ ∈ D, then Aφξa = 0 for a ∈ {1, 2, 3}.
We define a local symmetric (1, 1)-tensor field θa on M by
θa := φaφ− ξa ⊗ η.
Then we have the following identities
Lemma 3.2. (a) θa is symmetric,
(b) Trace (θa) = η(ξa),
(c) θaξ = −ξa; θaξa = −ξ; θaφξa = η(ξa)φξa,
(d) θaξa+1 = φξa+2 = −θa+1ξa,
(e) θ2a − φξa ⊗ ηaφ = I,
(f) −θaφξa+1 + η(ξa+1)φξa = ξa+2 = θa+1φξa − η(ξa)φξa+1,
(g) −θaθa+1 + φξa ⊗ ηa+1φ = φa+2 = θa+1θa − φξa+1 ⊗ ηaφ,
(h) θaφ− φξa ⊗ η = −φa = φθa − ξ ⊗ ηaφ,
(i) θaφa − φξa ⊗ ηa = −φ = φaθa − ξa ⊗ ηaφ,
(j) θaφa+1 − φξa ⊗ ηa+1 = θa+2 = −φa+1θa − ξa+1 ⊗ ηaφ.
Proof. (a)–(f) The proof is exactly the same as that given in [10].
(g) By using (3.1)–(3.2), we have
θaθa+1 − φξa ⊗ ηa+1φ =(φaφ− ξa ⊗ η)(φφa+1 − ξ ⊗ ηa+1)− φξa ⊗ ηa+1φ
=φaφ
2φa+1 + ξa ⊗ ηa+1 − φξa ⊗ ηa+1φ
=φa(−I+ ξ ⊗ η)φa+1 + ξa ⊗ ηa+1 − φξa ⊗ ηa+1φ
=− φaφa+1 + ξa ⊗ ηa+1
=− φa+2.
The second equality can be obtained as follows
φa+2 = (−φa+2)∗ =(θaθa+1 − φξa ⊗ ηa+1φ)∗ = θa+1θa − φξa+1 ⊗ ηaφ
where we denote by T ∗ the adjoint of an endomorphism T with respect to g.
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(h)–(j) The first equalities can be obtained as follows
θaφ = (φaφ− ξa ⊗ η)φ = φa(−I+ ξ ⊗ η) = −φa + φξa ⊗ η
θaφa = (φφa − ξ ⊗ ηa)φa = φ(−I+ ξa ⊗ ηa) = −φ+ φξa ⊗ ηa
θaφa+1 = (φφa − ξ ⊗ ηa)φa+1 = φ(φa+2 + ξa ⊗ ηa+1)− ξ ⊗ ηa+2
= (φφa+2 − ξ ⊗ ηa+2) + φξa ⊗ ηa+1 = θa+2 + φξa ⊗ ηa+1.
In a similar manner as in (g), we can obtain the second equalities for these parts.
Note that
(∇Xθa)Y =(∇Xφ)φaY + φ(∇Xφa)Y − g(∇Xξa, Y )ξ − ηa(Y )∇Xξ
∇Xφξa =(∇Xφ)ξa + φ∇Xξa.
Then by applying (3.3), we obtain
(∇Xθa)Y =ηa(φY )AX − g(AX,Y )φξa + qa+2(X)θa+1Y − qa+1(X)θa+2Y
∇Xφξa =θaAX + ηa(ξ)AX + qa+2(X)φξa+1 − qa+1(X)φξa+2.
}
(3.4)
For each x ∈M , we define a subspace H⊥ of TxM by
H⊥ := span{ξ, ξ1, ξ2, ξ3, φξ1, φξ2, φξ3}.
Let H be the orthogonal complement of H⊥ in TxM . Then dimH = 4m − 4 (resp.
dimH = 4m − 8) when ξ ∈ D⊥ (resp. ξ /∈ D⊥) and H is invariant under φ, φa and
θa. Moreover, θa|H has two eigenvalues: 1 and −1. Denote by Ha(ε) the eigenspace
corresponding to the eigenvalue ε of θa|H. Then dimHa(1) = dimHa(−1) is even, and
φHa(ε) = φaHa(ε) = θaHa(ε) = Ha(ε)
φbHa(ε) = θbHa(ε) = Ha(−ε), (a 6= b).
}
(3.5)
The proof of (3.5) is exactly the same as presented in [10, pp. 92–93].
Observe that tan(JJaX) = θaX and nor(JJaX) = ηa(φX)N , for X ∈ TM . Then
the equations of Gauss and Codazzi are respectively given by
R(X,Y )Z =g(AY,Z)AX − g(AX,Z)AY + c{g(Y,Z)X − g(X,Z)Y
+ g(φY,Z)φX − g(φX,Z)φY − 2g(φX, Y )φZ}
+ c
3∑
a=1
{g(φaY,Z)φaX − g(φaX,Z)φaY − 2g(φaX,Y )φaZ
+ g(θaY,Z)θaX − g(θaX,Z)θaY }
(∇XA)Y − (∇YA)X =c{η(X)φY − η(Y )φX − 2g(φX, Y )ξ}
+ c
3∑
a=1
{ηa(X)φaY − ηa(Y )φaX − 2g(φaX,Y )ξa
+ ηa(φX)θaY − ηa(φY )θaX}.
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We define the tensor fields θ, φ⊥, ξ⊥ and η⊥ on M as follows
θ :=
3∑
a=1
ηa(ξ)θa, φ
⊥ :=
3∑
a=1
ηa(ξ)φa, ξ
⊥ :=
3∑
a=1
ηa(ξ)ξa, η
⊥ :=
3∑
a=1
ηa(ξ)ηa.
Lemma 3.3. At each x ∈M with ξ⊥ 6= 0, θ|H has two eigenvalues ε||ξ⊥||, ε ∈ {1,−1}.
Let H(ε) be the eigenspace of θ|H corresponding to ε||ξ⊥||. Then
(a) φH(ε) = φ⊥H(ε) = H(ε),
(b) dimH(1) = dimH(−1) is even.
Proof. We take a canonical local basis of J such that ξ1 = ξ
⊥/||ξ⊥||, so θ = η1(ξ)θ1,
φ⊥ = η1(ξ)φ1 and η
⊥ = η1(ξ)η1. It follows that H(ε) = H1(ε) and so these results
follow from (3.5).
As in the proof of Lemma 3.3, at each x ∈ M with ||ξ⊥|| 6= 0, we can take a
canonical local basis of J such that on a neighborhood G ⊂M of x, we have
ξ1 =
ξ⊥
||ξ⊥|| , 0 < η1(ξ) = ||ξ
⊥|| ≤ 1, η2(ξ) = η3(ξ) = 0
H(ε) = H1(ε), θ = η1(ξ)θ1, φ⊥ = η1(ξ)φ1, η⊥ = η1(ξ)η1

 (3.6)
where H(ε) is the eigenspace of θ|H corresponding to an eigenvalue ε||ξ⊥|| of θ|H for
ε ∈ {1. − 1}. Furthermore if ||ξ⊥|| = 1 at x, then
ξ1 = ξ = ξ
⊥, ξ2 = θξ2 = φξ3, ξ3 = θξ3 = −φξ2 (3.7)
Throughout this paper, we always consider such a local orthonormal frame {ξ1, ξ2, ξ3}
on D⊥ under these situations.
Lemma 3.4. (a) θξ⊥ = −||ξ⊥||2ξ, θξ = −ξ⊥, θφξ⊥ = ||ξ⊥||2φξ⊥,
(b) θ2 − φξ⊥ ⊗ η⊥φ = ||ξ⊥||2I,
(c) θφ− φξ⊥ ⊗ η = −φ⊥ = φθ − ξ ⊗ η⊥φ,
(d) (φ⊥)2 = −||ξ⊥||2I+ ξ⊥ ⊗ η⊥,
(e) φ⊥φ− ξ⊥ ⊗ η = θ = φφ⊥ − ξ ⊗ η⊥,
(f) d(||ξ⊥||2) = 4η⊥φA,
(g) (∇Xφ⊥)Y = η⊥(Y )AX − g(AX,Y )ξ⊥ + 2
∑3
a=1 ηa(φAX)φaY
(h) ∇Xξ⊥ = φ⊥AX + 2
∑3
a=1 ηa(φAX)ξa
(i) (∇Xθ)Y = η⊥(φY )AX − g(AX,Y )φξ⊥ + 2
∑3
a=1 ηa(φAX)θaY
(j) ∇Xφξ⊥ = θAX + ||ξ⊥||2AX + 2
∑3
a=1 ηa(φAX)φξa.
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Proof. (a)–(e) At each x ∈ M with ξ⊥ = 0, we have θ = φ⊥ = 0 and η⊥ = 0. Hence
these identities are trivial. Suppose ||ξ⊥|| 6= 0 at a point x ∈M . Then these identities
can be easily obtained from Lemma 3.2 and (3.6).
(f)–(j) We only give the proof for (i) as the remaining parts can be obtained by a
similar straightforward calculation. By using (3.3)–(3.4),
(∇Xθ)Y =
3∑
a=1
{(X(ηa(ξ))θaY + ηa(ξ)(∇Xθa)Y }
=
3∑
a=1
{2ηa(φAX)θaY + ηa(ξ)ηa(φY )AX − g(AX,Y )ηa(ξ)φaξ}
=
3∑
a=1
2ηa(φAX)θaY + η
⊥(φY )AX − g(AX,Y )φξ⊥.
We now prepare some results for later use. By using Lemma 3.4, we have
d(η⊥φ)(X,Y )
= −g(∇Xφξ⊥, Y ) + g(∇Y φξ⊥,X)
= −g((θA−Aθ)X,Y ) + 2
3∑
a=1
{ηa(φAX)ηa(φY )− ηa(φAY )ηa(φX)}. (3.8)
Lemma 3.5. Suppose 0 < ||ξ⊥|| < 1. If Aφξ⊥ = ωφξ⊥, then
(a) dω = −||ξ⊥||−2(1− ||ξ⊥||2)−1(φξ⊥ω)η⊥φ,
(b) ωd(η⊥φ) = 0.
Proof. It follows from the hypothesis and Lemma 3.4 that
dω ∧ η⊥φ+ ωd(η⊥φ) = 1
4
d2(||ξ⊥||2) = 0.
This, together with (3.8), gives
Xω =− (φξ
⊥ω)η⊥(φX) + (dω ∧ η⊥φ)(X,φξ⊥)
||ξ⊥||2(1− ||ξ⊥||2) = −
(φξ⊥ω)η⊥(φX)
||ξ⊥||2(1− ||ξ⊥||2) .
This means that dω = −||ξ⊥||−2(1−||ξ⊥||2)−1(φξ⊥ω)η⊥φ and hence ωd(η⊥φ) = 0.
Lemma 3.6. Suppose ||ξ⊥|| = 1 on M . Then
(a) θA+A = −2∑3a=1 φξa ⊗ ηaφA,
(b) AH(1) = 0.
8
Proof. (a) Since ξ = ξ⊥,
0 = φ∇X(ξ⊥ − ξ) = (θA+A)X + 2
3∑
a=1
ηa(φAX)φξa, X ∈ TM.
(b) Let Y ∈ H(1). Then 2g(AY,X) = g(Y, (θA + A)X) = 0 for X ∈ TM , which
means that AH(1) = 0.
Lemma 3.7. At each x ∈M with ||ξ⊥|| > 0,
3∑
a=1
g(θaX,Y )ηa(Z) =
3∑
a=1
g(φaX,Y )ηa(Z) = 0
for any X,Y,Z ∈ H(ε)⊕ (H⊥ ⊖ Span{ξ, ξ⊥, φξ⊥}), where ε ∈ {1,−1}.
Proof. Under the setting in (3.6), we have
H⊥ ⊖ Span{ξ, ξ⊥, φξ⊥} = Span{ξ2, ξ3, φξ2, φξ3}.
It suffices to show that
g(θbX,Y ) = g(φbX,Y ) = 0, X, Y ∈ H1(ε) ⊕ Span{ξ2, ξ3, φξ2, φξ3}, b ∈ {2, 3}.
First, we can easily verify that
θbξc, φbξc, θbφξc, φbφξc ∈ Span{ξ, ξ1, φξ1}, b, c ∈ {2, 3}.
This, together with (3.5), gives the first equation.
Lemma 3.8. Suppose 0 < ||ξ⊥|| < 1 on M . If AH(ε) ⊂ H(ε), where ε ∈ {1,−1}, then
∇XY ⊥ H⊥ ⊖ Span{ξ, ξ⊥, φξ⊥} for all vector fields X,Y tangent to H(ε).
Proof. We adopt the basis {ξ1, ξ2, ξ3} for D⊥ with properties (3.6). Let X,Y be vector
fields tangent to H(ε). Then for b ∈ {2, 3}, by using (3.5) we obtain
g(∇Xξb, Y ) = g(φbAX,Y ) = 0; g(∇Xφξb, Y ) = g(θbAX,Y ) = 0.
Since H⊥⊖Span{ξ, ξ⊥, φξ⊥} = Span{ξ2, ξ3, φξ2, φξ3}, this gives the desired result.
If ||ξ⊥|| = 1, then ξ⊥ = ξ andH⊥ = D⊥. Using a similar method as in the preceding
proof, we obtain
Lemma 3.9. Suppose ||ξ⊥|| = 1 on M . If V ⊂ H(ε), where ε ∈ {1,−1}, is a subbundle
that is invariant under A, then ∇XY ⊥ D⊥ ⊖ Rξ for all vector fields X,Y tangent to
V.
At the end of this section, we state some important results for later use.
Theorem 3.1 ([3]). Let M be a connected real hypersurface in SUm+2/S(U2Um),
m ≥ 3. Then both Rξ and D⊥ are invariant under the shape operator of M if and only
if M is an open part of one of the following spaces:
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(A) a tube around a totally geodesic SUm+1/S(U2Um−1) in SUm+2/S(U2Um), or
(B) a tube around a totally geodesic HPn = Spn+1/Sp1Spn in SUm+2/S(U2Um),
where m = 2n is even.
The principal curvatures of real hypersurfaces of type A and B stated in Theo-
rem 3.1 are given as follows:
Theorem 3.2 ([3]). Given a constant c > 0:
(i) If M is a real hypersurface of type A in SUm+2/S(U2Um), then ξ ∈ D⊥ at each
point ofM , andM has three (for r = pi/2
√
8c, whereby α = µ) or four (otherwise)
distinct constant principal curvatures
α =
√
8c cot(
√
8cr), β =
√
2c cot(
√
2cr),
λ = −√2c tan(√2cr), µ = 0
with some r ∈]0, pi/√8c[ . The corresponding principal curvature spaces are
Tα = Rξ, Tβ = D
⊥ ⊖ Rξ, Tλ = H(−1), Tµ = H(1).
(ii) If M is a real hypersurface of type B in SUm+2/S(U2Um), then ξ ∈ D at each
point of M , m = 2n is even and M has five distinct constant principal curvatures
α = −2√c tan(2√cr), β = 2√c cot(2√cr), γ = 0,
λ =
√
c cot(
√
cr), µ = −√c tan(√cr)
with some r ∈]0, pi/4√c[. The corresponding principal curvature spaces are
Tα = Rξ, Tβ = D
⊥, Tγ = Jξ, Tλ, Tµ,
where Tλ ⊕ Tµ = H, JTλ = Tλ, JTµ = Tµ, JTλ = Tµ.
Theorem 3.3 ([4]). Let M be a connected real hypersurface in SU2,m/S(U2Um), m ≥
2. Then both Rξ and D⊥ are invariant under the shape operator of M if and only if
one of the following holds:
(A) M is an open part of a tube around a totally geodesic SU2,m−1/S(U2Um−1) in
SU2,m/S(U2Um), or
(B) M is an open part of a tube around a totally geodesic HHn = Sp1,n/Sp1Spn in
SU2,m/S(U2Um), where m = 2n is even, or
(C1) M is an open part of a horosphere in SU2,m/S(U2Um) whose center at infinity is
singular and of type JN ∈ JN , or
(C2) M is an open part of a horosphere in SU2,m/S(U2Um) whose center at infinity is
singular and of type JN ⊥ JN , or
(D) the normal bundle of M consists of singular tangent vectors of type JX ⊥ JX.
Moreover, M has at least four distinct principal curvatures, which are given by
α = 2
√−c, γ = 0, λ = √−c, (c < 0 is a constant)
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with corresponding principal curvature spaces
Tα = Rξ ⊕D⊥, Tγ = Jξ, Tλ ⊂ H.
If µ is another (possibly nonconstant) principal curvature function, then Tµ ⊂ H,
JTµ ⊂ Tλ and JTµ ⊂ Tλ.
The principal curvatures of real hypersurfaces of type A, B, C1 and C2 stated in
Theorem 3.3 are given as follows:
Theorem 3.4 ([4]). Given a constant c < 0:
(i) If M is a real hypersurface of type A in SU2,m/S(U2Um), then ξ ∈ D⊥ at each
point of M , and M has four distinct constant principal curvatures
α =
√−8c coth(√8cr), β = √−2c coth(√−2cr),
λ =
√−2c tanh(√−2cr), µ = 0
with some r > 0. The corresponding principal curvature spaces are
Tα = Rξ, Tβ = D
⊥ ⊖ Rξ, Tλ = H(−1), Tµ = H(1).
(ii) If M is a real hypersurface of type B in SU2,m/S(U2Um), then ξ ∈ D at each
point of M , m = 2n is even and M has four (for tanh2
√−cr = 1/3, whereby
α = λ) or five (otherwise) distinct constant principal curvatures
α = 2
√−c tanh(2√−cr), β = 2√−c coth(2√−cr), γ = 0,
λ =
√−c coth(√−cr), µ = √−c tanh(√−cr)
with some r > 0. The corresponding principal curvature spaces are
Tα = Rξ, Tβ = D
⊥, Tγ = Jξ, Tλ, Tµ,
where Tλ ⊕ Tµ = H, JTλ = Tλ, JTµ = Tµ, JTλ = Tµ.
(iii) If M is a real hypersurface of type C1 in SU2,m/S(U2Um), then ξ ∈ D⊥ at each
point of M , and M has three distinct constant principal curvatures
α = 2
√−2c, β = √−2c, µ = 0
with some r > 0. The corresponding principal curvature spaces are
Tα = Rξ, Tβ = H(−1)⊕ (D⊥ ⊖ Rξ), Tµ = H(1).
(vi) If M is a real hypersurface of type C2 in SU2,m/S(U2Um), then ξ ∈ D at each
point of M and M has three distinct constant principal curvatures
α = 2
√−c, γ = 0, λ = √−c
with some r > 0. The corresponding principal curvature spaces are
Tα = Rξ ⊕D⊥, Tγ = Jξ, Tλ = H.
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A real hypersurface M in a Ka¨hler manifold is said to be Hopf if the Reeb vector
field ξ is principal. The principal curvature α = g(Aξ, ξ) is called the Reeb principal
curvature for a Hopf hypesurface M .
Theorem 3.5 ([9, 13]). Let M be a connected Hopf hypersurface in Mˆm(c), m ≥ 3.
Then ξ ∈ D if and only if
(i) for c > 0: M is an open part of a real hypersurface of type B; or
(ii) for c < 0: One of the cases (B), (C2) and (D) in Theorem 3.3 holds.
We state the following lemma without proof as its proof is entirely similar to that
of [8, Theorem 1.5].
Lemma 3.10. Let M be a connected real hypersurface in Mˆm(c), m ≥ 3. If AD ⊂ D
and ξ ∈ D⊥, then M is Hopf.
By Theorem 3.3 and Lemma 3.10, we have
Theorem 3.6. Let M be a connected real hypersurface in Mˆm(c), m ≥ 3. Then
AD ⊂ D and ξ ∈ D⊥ if and only if
(i) for c > 0: M is an open part of a real hypersurface of type A given in Theorem 3.1;
or
(ii) for c < 0: M is an open part of one of real hypersurfaces of type A or C1 given
in Theorem 3.3.
4 Hopf hypersurfaces in Mˆm(c)
In this section, we shall derive some fundamental properties for Hopf hypersurfaces
in Mˆm(c). Suppose M is a Hopf hypersurface in Mˆm(c) with Aξ = αξ. Then as
derived in [3, 4, 6], we have
dα =(ξα)η − 4cη⊥φ (4.1)
AφA− α
2
(φA+Aφ)− c(φ+ φ⊥)
=c
3∑
a=1
{ξa ⊗ ηaφ+ φξa ⊗ ηa} − 2c(ξ ⊗ η⊥φ+ φξ⊥ ⊗ η). (4.2)
It follows from (4.1) that
d(ξα) ∧ η + (ξα)dη − 4cd(η⊥φ) = 0. (4.3)
This implies that
Xξα =(ξξα)η(X) + (d(ξα) ∧ η)(X, ξ) = (ξξα)η(X) + 4c(η⊥(AX)− αη⊥(X))
or equivalently
d(ξα) = (ξξα)η + 4c(η⊥A− αη⊥). (4.4)
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Combining (4.3)–(4.4), gives
4c(η⊥A− αη⊥) ∧ η + (ξα)dη − 4cd(η⊥φ) = 0. (4.5)
The following lemma is essentially [2, Lemma 4.2] and [6, Lemma 3.2] but with
some additional information.
Lemma 4.1. Let M be a Hopf hypersurface in Mˆm(c). If ξα = 0, then
(a) Aξ⊥ = αξ⊥, Aφ2ξ⊥ = αφ2ξ⊥,
(b) αAφξ⊥ = (α2 + 4c− 4c||ξ⊥||2)φξ⊥.
Proof. By (4.4), we obtain η⊥A − αη⊥; equivalently, Aξ⊥ = αξ⊥. Next, Aφ2ξ⊥ =
A(||ξ⊥||2ξ − ξ⊥) = αφ2ξ⊥. Finally, we can obtain (b) by using (a) and (4.2).
Now we shall derive some properties of the principal curvatures and their corre-
sponding principal directions for a Hopf hypersurface in Mˆm(c). Observe that we can
derive the following two equations from (4.2).
AφAφ− α
2
(φAφ−A)− c(φ2 + θ) = c
3∑
a=1
{−ξa ⊗ ηa + φξa ⊗ ηaφ}
+c(2ξ ⊗ η⊥ + 2ξ⊥ ⊗ η) +
{
α2
2
− 2c||ξ⊥||2
}
ξ ⊗ η
φAφA+
α
2
(A− φAφ)− c(φ2 + θ) = c
3∑
a=1
{φξa ⊗ ηaφ− ξa ⊗ ηa}
+c(2ξ ⊗ η⊥ + 2ξ⊥ ⊗ η) +
{
α2
2
− 2c||ξ⊥||2
}
ξ ⊗ η.
These two equations imply that
A(φAφ) = (φAφ)A. (4.6)
Hence there exists a local orthonormal frame {X0 = ξ,X1, · · · ,X4m−2} such that
AXj = λjXj and φAφXj = −µjXj for j ∈ {1, · · · , 4m − 2}. With this setting, (4.2)
gives
Lemma 4.2. Let M be a Hopf hypersurface in Mˆm(c). Then there exists a local
orthonormal frame {X0 = ξ,X1, · · · ,X4m−2} such that AXj = λjXj and AφXj =
µjφXj for j ∈ {1, · · · , 4m− 2}. Furthermore, for each x ∈M with ||ξ⊥|| > 0, we have
0 =
{
λjµj − α
2
(λj + µj)− c+ c||ξ⊥||
}
X+j (4.7)
0 =
{
λjµj − α
2
(λj + µj)− c− c||ξ⊥||
}
X−j (4.8)
0 =
{
λjµj − α
2
(λj + µj)− 2c
}
g(Xj , ξa) + 2cηa(ξ)g(Xj , ξ
⊥) (4.9)
0 =
{
λjµj − α
2
(λj + µj)− 2c
}
g(Xj , φξa) + 2cηa(ξ)g(Xj , φξ
⊥) (4.10)
0 =
{
λjµj − α
2
(λj + µj)− 2c+ 2c||ξ⊥||2
}
g(Xj , φξ
⊥) (4.11)
0 =
{
λjµj − α
2
(λj + µj)− 2c+ 2c||ξ⊥||2
}
g(Xj , ξ
⊥) (4.12)
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where X+j and X
−
j is the component of Xj in H(1) and H(−1) respectively.
Lemma 4.3. Let M be a Hopf hypersurface in Mˆm(c). If 0 < ||ξ⊥|| < 1, then
(a) AH(1) ⊂ H(1),
(b) AH(−1) ⊂ H(−1),
(c) A(Rφξ⊥ ⊕ Rφ2ξ⊥) ⊂ Rφξ⊥ ⊕ Rφ2ξ⊥.
Proof. Consider the local orthonormal frame stated in Lemma 4.2.
(a) Suppose X+j 6= 0 for some j ∈ {1, · · · , 4m− 2}. Then (4.7)–(4.12) give
0 =− 2c||ξ⊥||X−j
0 =− c(||ξ⊥||+ 1)g(Xj , ξa) + 2cηa(ξ)g(Xj , ξ⊥)
0 =− c(||ξ⊥||+ 1)g(Xj , φξa) + 2cηa(ξ)g(Xj , φξ⊥)
0 =c(2||ξ⊥||+ 1)(||ξ⊥|| − 1)
{
g(Xj , φξ
⊥)2 + g(Xj , ξ
⊥)2
}
.
These imply that Xj ∈ H(1) and so we obtain AH(1) ⊂ H(1).
(b) Suppose X−j 6= 0 for some j ∈ {1, · · · , 4m − 2}. If ||ξ⊥|| 6= 1/2 at a point x,
then Xj ⊥ φξ⊥, ξ⊥ by (4.8), (4.11)–(4.12). Furthermore, since ||ξ⊥|| 6= 1, we obtain
AH(−1) ⊂ H(−1) at x by (4.9)–(4.10).
Now suppose ||ξ⊥|| = 1/2 on an open subset G ⊂ M . Then Aφξ⊥ = 0 by
virtue of Lemma 3.4(f). It follows further on from (4.2) that Aφ2ξ⊥ = −(4c/α)(1 −
||ξ⊥||2)φ2ξ⊥. Hence we can select another orthonormal frame in which X4m−3 =
(4/
√
3)φξ⊥,X4m−2 = (4/
√
3)φ2ξ⊥. It follows that for j ∈ {1, · · · , 4m − 4}, (4.8)–
(4.10) imply that if X−j 6= 0, then Xj ⊥ ξa, φξa on G. Hence, we conclude that
AH(−1) ⊂ H(−1).
(c) Since H is invariant under φ and A, we can reconstruct the local orthonormal
frame such that X1, · · · ,X6 (resp. X7, · · · ,X4m−1) are tangent to H⊥ (resp. H).
Taking the vectors ξ1, ξ2, ξ3 with properties (3.6), (4.9)–(4.12) give
0 =
{
λjµj − α
2
(λj + µj)− 2c
}
{g(Xj , ξa)2 + g(Xj , φξa)2}, a ∈ {2, 3}
0 =
{
λjµj − α
2
(λj + µj)− 2c+ 2cη1(ξ)2
}
{g(Xj , φξ1)2 + g(Xj , ξ1)2}.
These imply that A(Rφξ⊥ ⊕ Rφ2ξ⊥) ⊥ ξa, φξa for a ∈ {2, 3} and so the desired result
is obtained.
Lemma 4.4. Let M be a Hopf hypersurface in Mˆm(c) such that 0 < ||ξ⊥|| < 1 on M .
Suppose X ∈ H(ε) such that AX = λX and AφX = µφX. Then
∇Xφξ⊥ = λ||ξ⊥||(ε+ ||ξ⊥||)X; ∇Xφ2ξ⊥ = λ||ξ⊥||(ε+ ||ξ⊥||)φX.
Furthermore, if we put
Aφξ⊥ = uφξ⊥ − vφ2ξ⊥; A(−φ2ξ⊥) = pφξ⊥ − qφ2ξ⊥, (4.13)
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then for any Y ∈ H
g((∇XA)φξ⊥, Y ) =λ||ξ⊥||(ε + ||ξ⊥||){(u − λ)g(X,Y )− vg(φX, Y )}
g((∇XA)φ2ξ⊥, Y ) =λ||ξ⊥||(ε + ||ξ⊥||){−pg(X,Y ) + (q − µ)g(φX, Y )}.
Proof. Note that θX = ε||ξ⊥||X and φ⊥X = −ε||ξ⊥||φX. Then by Lemma 3.4 we
obtain
∇Xφ2ξ⊥ = ∇X(−ξ⊥ + ||ξ⊥||2ξ) = −φ⊥AX + ||ξ⊥||2φAX = λ||ξ⊥||(ε + ||ξ⊥||)φX.
The other can be obtained similarly. Next under the setting of (4.13), we obtain
g((∇XA)φξ⊥, Y ) =g(u∇Xφξ⊥ − v∇Xφ2ξ⊥ −A∇Xφξ⊥, Y )
=λ||ξ⊥||(ε+ ||ξ⊥||){(u − λ)g(X,Y )− vg(φX, Y )}.
The last identity can be obtained by a similar calculation.
5 Mixed foliate real hypersurfaces in Mˆm(c)
Let M be a submanifold in a Ka¨hler manifold Mˆ . If the dimension of the maximal
holomorphic subspace Cx = JTxM ∩ TxM , x ∈M is constant and its orthogonal com-
plementary distribution C⊥ in TM is totally real, then M is called a CR-submanifold.
If dim C 6= 0 and dim C⊥ 6= 0, then the CR-submanifold M is said to be proper. A
CR-submanifold M is said to be mixed totally geodesic if h(C, C⊥) = 0, where h is the
second fundamental form of M . A mixed foliate CR-submanifold M is a mixed totally
geodesic CR-submanifold such that the distribution C is integrable (cf. [5]).
A real hypersurface is a typical example of a proper CR-submanifold in a Ka¨hler
manifold with C⊥ = Rξ. It is clear that M is mixed totally geodesic if and only if it is
Hopf. Furthermore by a result in [5], we can state
Lemma 5.1. Let M be a real hypersurface in a Ka¨hler manifold. Then M is mixed
foliate if and only if φA+Aφ = 0.
In this section, we shall prove the nonexistence of mixed foliate real hypersurfaces
in Mˆm(c).
Theorem 5.1. There does not exist any mixed foliate real hypersurface in Mˆm(c),
m ≥ 3.
Remark 5.1. The nonexistence of mixed foliate real hypersurfaces in a non-flat com-
plex space form was obtained in [7].
The proof of Theorem 5.1 is splitted into several parts. We first prove
Lemma 5.2. Let M be a real hypersurface in Mˆm(c). Then φA + Aφ 6= 0 on each
open subset G ⊂M with ξ⊥ = 0.
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Proof. Since ξ⊥ = 0 on G, Aφξa = 0 for a ∈ {1, 2, 3} by Lemma 3.1. Suppose
φA+Aφ = 0 on G. Then Aξa = φAφξa = 0 and Aξ = αξ; so G is an open part of one
of the real hypersurfaces given in Theorem 3.1 and Theorem 3.3. However, along the
direction ξa, the principal curvature is non-zero for these real hypersurfaces according
to Theorem 3.2 and Theorem 3.4; a contradiction and so the result is obtained.
We observe that if φA+Aφ = 0, then M is Hopf. Moreover, for each x ∈M with
||ξ⊥|| > 0, by taking a principal curvature vector Xj in Lemma 4.2 with X−j 6= 0, we
obtain −λ2j − c(1 + ||ξ⊥||) = 0 from (4.8) and so c < 0. It follows that we only need to
consider the case c < 0. We shall prepare some results before proceeding to the proof
of Theorem 5.1.
Lemma 5.3. Let M be a Hopf hypersurface in Mˆm(c). Suppose G ⊂ M is an open
set with 0 < ||ξ⊥|| < 1. If (φA + Aφ)H(−1) = 0 on G, then for Y,Z,W ∈ H(−1) on
G, we have
(a) A2Y = −c(1 + ||ξ||⊥)Y ,
(b) g((∇Y A)Z,W ) = 0.
Proof. (a) It can be obtained directly from (4.2) and the fact φ⊥Y = ||ξ⊥||φY for
Y ∈ H(−1).
(b) For all vector fields Y,Z,W tangent to H(−1) on G, it follows from (a),
Lemma 3.4(f) and the Codazzi equation that
0 =g((∇WA)Y,AZ) + g((∇WA)Z,AY ) + g(A2∇WY,Z) + g(A2Y,∇WZ)
+ c(1 + ||ξ⊥||){g(∇W Y,Z) + g(Y,∇WZ)}
=g((∇WA)Y,AZ) + g((∇ZA)W,AY )
By taking a cylic sum over Y,Z,W in the preceding equation, and then substracting
the obtained equation from the preceding equation, yields
g((∇YA)Z,AW ) = 0, Y, Z,W ∈ H(−1).
By (a) and Lemma 4.3(b), A is an isomorphism when restricted to H(−1). Hence, we
obtain the lemma.
Lemma 5.4. Let M be a Hopf hypersurface in Mˆm(c). Suppose G ⊂ M is an open
set with ||ξ⊥|| = 1. If (φA + Aφ)W = 0 on G, where W = H(−1) ⊕ (D⊥ ⊖ Rξ), then
for Y,Z,W ∈ W on G, we have
(a) A2Y = −2cY ,
(b) g((∇Y A)Z,W ) = 0.
Proof. (a) It can be obtained directly from (4.2).
(b) Using a similar manner as in the proof of Lemma 5.3 but with the help of
Lemma 3.7, we obtain
g((∇Y A)Z,AW ) = 0, Y, Z,W ∈ W.
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We note that AW ⊂W by virtue of Lemma 3.6, together with (a), we obtain that A|W
is an isomorphism. Hence, we obtain the lemma.
Lemma 5.5. Let M be a Hopf hypersurface M in Mˆm(c) and ||ξ⊥|| > 0 at a point
x ∈ M . Suppose V is a subspace of H(−1) at x that is invariant under A and φ. If
(φA+Aφ)V = 0, then
n∑
j=1
g((R(ej , φej)A)Z,W ) = −4c(5 + ||ξ⊥||+ 2n)g(φAZ,W )
for any Z,W ∈ V, where {e1, · · · , en} is an orthonormal basis of V and n = dimV.
Proof. We take ξ1, ξ2, ξ3 with properties (3.6). Then under this situation, φ1X = φX
and φbX, θbX ∈ H1(1), b ∈ {2, 3}, for X ∈ H(−1). It follows from the Gauss equation
and Lemma 5.3–5.4 that
g((R(X,Y )A)Z,W ) =c(3 + ||ξ⊥||){g(Y,AZ)g(X,W ) − g(X,AZ)g(Y,W )
− g(Y,Z)g(AX,W ) + g(X,Z)g(AY,W )}
+ 2c{g(φY,AZ)g(φX,W ) − g(φX,AZ)g(φY,W )
− g(φY,Z)g(AφX,W ) + g(φX,Z)g(AφY,W )
− 4g(φX, Y )g(φAZ,W )}
for any X,Y,Z,W ∈ V. Hence the lemma can be obtained directly from the preceding
equation.
Lemma 5.6. Let M be a Hopf hypersurface in Mˆm(c). Suppose G ⊂ M is an open
set with 0 < ||ξ⊥|| < 1. If (φA + Aφ)H = 0 on G, then ∇XZ ⊥ H(1) for all vector
fields X,Z tangent to H(−1) on G.
Proof. By the hypothesis (φA + Aφ)H = 0 and Lemma 4.2–4.3, we can select local
orthonormal principal vector fields ,X1,X2, · · · ,X4m−8 such that Xj , Xm−2+j = φXj
are tangent to H(−1) with λj = λ = −λm−2+j , where λ =
√
−c(1 + ||ξ⊥||), and
X2m−4+j , · · · ,X3m−6+j = φX2m−4+j are tangent to H(1), j ∈ {1, · · · ,m− 2}. We can
further deduce from (4.7)–(4.8) that λr 6= λ for r ∈ {2m− 3, · · · , 4m− 8}.
Fixed i, j ∈ {1, · · · ,m − 2} and r ∈ {2m − 3, · · · , 4m − 8}, It follows from the
Codazzi equation and Lemma 3.4(f) that
g(∇XiXj,Xr) = −
1
(λr − λ)g(∇XiA)Xr − (∇XrA)Xi,Xj) = 0.
We can further deduce from the preceding equation that
g(∇XiφXj ,Xr) = g((∇Xiφ)Xj ,Xr)− g(∇XiXj , φXr) = 0.
Similarly, we have g(∇φXiφXj ,Xr) = g(∇φXiXj ,Xr) = 0. This completes the proof.
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For a real hypersurface M in Mˆm(c), if G ⊂M is an open set with ||ξ⊥|| = 1, then
AH(1) = 0 (and so (φA+Aφ)H(1) = 0) on G according to Lemma 3.6. Based on this
observation, although there is a slight difference between the hypotheses, the following
lemma can be obtained in a similar manner as in the proof of Lemma 5.6.
Lemma 5.7. Let M be a Hopf hypersurface in Mˆm(c). Suppose G ⊂ M is an open
set with ||ξ⊥|| = 1 and V ⊂ H(−1) is a subbundle over G that is invariant under A
and φ. If (φA +Aφ)V = 0 on G, then ∇XZ ⊥ H(1) for all vector fields X,Z tangent
to V on G.
Lemma 5.8. Let M be a Hopf hypersurface in Mˆm(c), m ≥ 3. Then (φA+Aφ)H 6= 0
on each open subset G ⊂M with 0 < ||ξ⊥|| < 1.
Proof. Suppose (φA+Aφ)H = 0 on G. Then by Lemma 5.3, we obtain
g((R(X,Y )A)Z,W ) + g((∇YA)∇XZ,W ) + g((∇Y A)Z,∇XW )
+ g((∇[X,Y ]A)Z,W )− g((∇XA)∇Y Z,W )− g((∇XA)Z,∇YW ) = 0 (5.1)
for any vector fields X,Y,Z,W tangent to H(−1), here we have used the fact
(R(X,Y )A)Z =∇2A(;Y ;X)Z −∇2A(;X;Y )Z
where
∇2A(;Y ;X)Z := ∇X(∇YA)Z − (∇∇XYA)Z − (∇YA)∇XZ.
By using Lemma 3.4(h)–(j), Lemma 3.8, Lemma 5.3 and Lemma 5.6, on one hand, we
obtain
g((∇[X,Y ]A)Z,W ) = 0 (5.2)
and on the other hand
g((∇Y A)∇XZ,W )
=η(∇XZ)g((∇Y A)ξ,W ) + g(∇XZ, φ
2ξ⊥)
||ξ⊥||2(1− ||ξ⊥||2)g((∇YA)φ
2ξ⊥,W )
+
g(∇XZ, φξ⊥)
||ξ⊥||2(1− ||ξ⊥||2)g((∇Y A)φξ
⊥,W )
=− g(φAX,Z)g((∇Y A)ξ,W ) + g(φAX,Z)||ξ⊥||(1 + ||ξ⊥||)g((∇Y A)φ
2ξ⊥,W )
+
g(AX,Z)
||ξ⊥||(1 + ||ξ⊥||)g((∇Y A)φξ
⊥,W ) (5.3)
for any vector fields X,Y,Z,W tangent to H(−1).
Let {e1, · · · , e2m−4} be an orthonormal basis of H(−1) and Z be a unit vector
field tangent to H(−1) such that AZ = λZ (and so AφZ = −λφZ), where λ =
18
√
−c(1 + ||ξ⊥||). Then by using (5.1)–(5.3) and Lemma 4.4, we obtain
2m−4∑
j=1
((R(ej , φej)A)Z, φZ)
=− 2λg((∇ZA)φZ − (∇φZA)Z, ξ) +
2λg((∇ZA)φZ − (∇φZA)Z, φ2ξ⊥)
||ξ⊥||(1 + ||ξ⊥||)
− 2λg((∇φZA)φξ
⊥, φZ) + g(∇ZA)φξ⊥, Z)
||ξ⊥||(1 + ||ξ⊥||)
=− 2λ{−2c(1 + ||ξ⊥||)}+ 2λ{2c(1 − ||ξ⊥||)} − 2λ{−2c(1 − ||ξ⊥||)}
=4cλ(3 − ||ξ⊥||).
This, together with Lemma 5.5, gives 16cλm = 0. This is a contradiction and so the
proof is completed.
Lemma 5.9. Let M be a real hypersurface in Mˆm(c), m ≥ 3. Then φA+Aφ 6= 0 on
each open subset G ⊂M .
Proof. Suppose φA+Aφ = 0 on an open subset G ⊂M . By virtue of Lemma 5.2 and
Lemma 5.8, ||ξ⊥|| = 1 on G or ξ = ξ⊥ ∈ D⊥. We consider the vectors ξ1, ξ2, ξ3 with
properties (3.6)–(3.7).
We first prove that AD⊥ ⊂ D⊥. It suffices to show that Aξ2, Aξ3 ∈ D⊥. Suppose
Aξ2 = pξ2 + qξ3 + rU , where U is a unit vector field tangent to H(−1) and r is a
non-vanishing function on G. Then by the hypothesis φA + Aφ = 0 and Lemma 5.4,
we can obtain
Aξ3 =qξ2 − pξ3 + rφU
AU =rξ2 − pU − qφU
AφU =rξ3 − qU + pφU.
It follows that V := H(−1)⊖Span{U, φU} is invariant under A and φ. By Lemma 5.4,
we obtain
g((R(X,Y )A)Z,W ) + g((∇Y A)∇XZ,W ) + g((∇Y A)Z,∇XW )
+ g((∇[X,Y ]A)Z,W ) − g((∇XA)∇Y Z,W )− g((∇XA)Z,∇YW ) = 0
for any vector fields X,Y,Z,W tangent to V. On the other hand, by Lemma 5.4 and
Lemma 5.7, we obtain
g((∇Y A)∇XZ,W ) =η(∇XZ)g((∇Y A)ξ,W )
=− g(φAX,Z)g(αφAY − 2cφY,W )
for any vector fields X,Y,Z,W tangent to V. By using these two equations, we obtain
2m−4∑
j=1
((R(ej , φej)A)Z,W ) − 8cg(φAZ,W ) = 0, Z,W ∈ V
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where {e1, · · · , e2m−4} is an orthonormal basis for V. This, together with Lemma 5.5,
gives
−16cmg(φAZ,W ) = 0, Z,W ∈ V.
This contradicts the fact that A is an isomorphism on V. Hence Aξ2 ∈ D⊥ and so
Aξ3 = φAξ2 ∈ D⊥. Accordingly, AD⊥ ⊂ D⊥. It follows that G is an open part of one
of the real hypersurfaces stated in Theorem 3.1 and Theorem 3.3. However, the fact
(φA + Aφ)ξa = 0 prevents M from being any one of the cases in these two theorems
in light of Theorem 3.2 and Theorem 3.4; it is a contradiction and so the proof is
completed.
Proof of Theorem 5.1. It is an immediate consequence of Lemma 5.9.
By using Theorem 5.1, we obtain the following general properties of Hopf hyper-
surfaces.
Theorem 5.2. Let M be a Hopf hypersurface in Mˆm(c), m ≥ 3. Then
(a) ξα = 0; dα = −4cη⊥φ,
(b) α is constant if and only if either ξ ∈ D or ξ ∈ D⊥,
(c) Aξ⊥ = αξ⊥, Aφ2ξ⊥ = αφ2ξ⊥,
(d) αAφξ⊥ = (α2 + 4c− 4c||ξ⊥||2)φξ⊥.
Proof. (a) In each open subset G ⊂ M with ||ξ⊥|| = 0, θ = φ⊥ = 0 and so ξ ∈ D.
Then one of the cases in Theorem 3.5 occur, and so α is constant on G; this gives
ξα = 0 on G. Next, for each x ∈ M with 0 < ||ξ⊥|| < 1, it follows from (3.8), (4.5)
and Lemma 4.3 that
(ξα)g((φA +Aφ)X,Y ) = (ξα)dη(X,Y ) = 0, X, Y ∈ H.
Hence, we obtain ξα = 0 at x by Lemma 5.8. Now consider an open subset G ⊂ M
with ||ξ⊥|| = 1. Then η = η⊥ and so (4.5) descends to (ξα)dη = 0. It follows from
Lemma 5.9 that ξα = 0 on G. Consequently, we conclude that ξα = 0 on M . Next by
(4.1), we obtain dα = −4cη⊥φ.
(b)–(d) These can be obtained immediately from (a) and Lemma 4.1.
With the help of Theorem 5.2, we can complete the classfication problem of contact
real hypersurfaces in Mˆm(c), c < 0, considered by Berndt, Lee and Suh in [2].
Recall that a real hypersurface M in a Ka¨hler manifold is said to be contact if
φA + Aφ = ρφ for a nowhere zero function ρ on M . This means that the almost
contact metric structure (φ, ξ, η, g) of M is contact up to a C-homothetic deformation.
By using Theorem 5.2 and [2, Theorem 1.1], we obtain the following result.
Theorem 5.3. Let M be a real hypersurface in SU2,m/S(U2Um), m ≥ 3. Then M is
contact if and only if it is an open part of one of real hypersurfaces of type B or C2
given in Theorem 3.3.
Remark 5.2. Theorem 5.3 was obtained in [13] for the case c > 0.
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6 q-umbilical real hypersurfaces in Mˆm(c)
Recall that a real hypersurfaces M in Mˆm(c) is said to be q-umbilical if it satisfies
A = f1I+ f2θ + f3
3∑
a=1
ξa ⊗ ηa
where f1, f2, f3 are functions on M . This class of real hypersurfaces is interesting to
be studied as it includes three important types of real hypersurfaces. We can easily
obtain the following from Theorem 3.2 and Theorem 3.4.
Lemma 6.1.
(i) Real hypersurfaces of type A in SUm+2/S(U2Um) are q-umbilical with
f1 = −f2 = −
√
2c tan(
√
2cr)
2
, f3 =
√
2c cot(
√
2cr), 0 < r <
pi√
8c
, c > 0.
(ii) Real hypersurfaces of type A in SU2,m/S(U2Um) are q-umbilical with
f1 = −f2 =
√−2c tanh(√−2cr)
2
, f3 =
√−2c coth(√−2cr), r > 0, c < 0.
(iii) Real hypersurfaces of type C1 in SU2,m/S(U2Um) are q-umbilical with
f1 = −f2 =
√−2c
2
, f3 =
√−2c, c < 0.
We shall consider a more general condition than q-umbilicity to classify q-umbilical
real hypersurfaces as well as to obtain a nonexistence result.
Theorem 6.1. Let M be a connected real hypersurface in Mˆm(c), m ≥ 3. Suppose M
satisfies
A = f1I+ f2θ + f3
3∑
a=1
ξa ⊗ ηa + f4ξ ⊗ η (6.1)
where f1, f2, f3, f4 are functions on M . Then f4 = 0, that is, M is q-umbilical.
Furthermore, one of the following holds:
(i) for c > 0: M is an open part of a real hypersurface of type A given in Theorem 3.1;
or
(ii) for c < 0: M is an open part of one of real hypersurfaces of type A or C1 given
in Theorem 3.3.
Proof. For each x ∈M with ||ξ⊥|| > 0, by (6.1), we obtain
AX =(f1 + εf2||ξ⊥||)X, X ∈ H(ε), ε ∈ {1, 2}
Aξ =(f1 + f4)ξ + (f3 − f2)ξ⊥
Aξ⊥ =(f4 − f2)||ξ⊥||2ξ + (f1 + f3)ξ⊥
Aφξ⊥ =(f1 + f2||ξ⊥||2)φξ⊥.


(6.2)
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Consider an open subset G ⊂M with 0 < ||ξ⊥|| < 1. Write λε = f1+ εf2||ξ⊥|| and let
X, Y ∈ H(ε). Then we have
∇Xξ = λεφX, ∇Xξ⊥ = φ⊥AX = −ε||ξ⊥||λεφX, (6.3)
where we have used the fact φ⊥X = −ε||ξ⊥||φX. Hence, by (6.2)–(6.3), we obtain
g((∇XA)ξ, Y ) =λε(f4 − εf3||ξ⊥||)g(φX, Y )
It follows from the preceding equation and the Codazzi equation that
2λε(f4 − εf3||ξ⊥||)g(φX, Y ) =g((∇XA)Y − (∇YA)X, ξ)
=− 2c(1 − ε||ξ⊥||)g(φX, Y ),
which gives
f1f4 − f2f3||ξ⊥||2 + c = ε||ξ⊥||{f1f3 − f2f4 + c}, ε ∈ {1,−1}
and so
f2f3||ξ⊥||2 − f1f4 = c = f2f4 − f1f3. (6.4)
Similarly, we compute
2λε||ξ⊥||(f4||ξ⊥|| − εf3)g(φX, Y ) =g((∇XA)ξ⊥, Y )− g((∇Y A)ξ⊥,X)
=− 2c||ξ⊥||(||ξ⊥|| − ε)g(φX, Y )
to obtain
f2f4||ξ⊥||2 − f1f3 = c = f2f3 − f1f4. (6.5)
We can deduce from (6.4)–(6.5) that
f2 = 0, f3 = f4, f1f3 = −c.
It follows that f1+ f2||ξ⊥||2 = f1 6= 0. For b ∈ {1, 2, 3}, by using Lemma 3.5, (3.8) and
(6.2), we obtain
0 =(θA−Aθ)ξb − 2
3∑
a=1
{g(Aξb, φξa)φξa − g(φξa, ξb)Aφξa}
=f3
{(
ηb+2(ξ)
2 + ηb+1(ξ)
2
)
ξb − ηb(ξ)ηb+1(ξ)ξb+1 − ηb(ξ)ηb+2(ξ)ξb+2
− ηb+2(ξ)φξb+1 + ηb+1(ξ)φξb+2
}
.
Since f3 6= 0 and {ξ1, ξ2, ξ3, φξ1, φξ2, φξ3} is linearly independent, we have ηb(ξ) = 0 for
b ∈ {1, 2, 3}. Hence G must be empty and so either ||ξ⊥|| = 0 or ||ξ⊥|| = 1 everywhere.
We first consider ξ⊥ = 0. Then θ = 0 and ηa(ξ) = 0, a ∈ {1, 2, 3} in this case.
Hence by Lemma 3.1, we obtain Aφξa = 0 and so f1 = 0 by virtue of (6.1). We can
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then obtain AH = 0, Aξ = f4ξ and Aξa = f3ξa for a ∈ {1, 2, 3} further on. However,
by Theorem 3.1–3.4, we see that such a real hypersurface does not exist. Consequently,
this case cannot occur.
Finally, suppose that ||ξ⊥|| = 1, which means that ξ = ξ⊥ ∈ D⊥. This, together
with (6.1), gives AD⊥ ⊂ D⊥. Then by Theorem 3.6, M is an open part of one of the
spaces listed in the theorem. Furthermore it follows from Lemma 6.1 that f4 = 0.
Recall that a real hypersurface M in a Ka¨hler manifold is said to be η-umbilical if
it satisfies
A = uI+ vξ ⊗ η
for some functions u, v on M . By Theorem 6.1, we immediately obtain
Corollary 6.1. There does not exist any η-umbilical real hypersurface M in Mˆm(c),
m ≥ 3.
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